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A NOTE ON DEGENERATE STIRLING NUMBERS OF THE
FIRST KIND

DAE SAN KIM, TAEKYUN KIM, AND GWANG-WOO JANG

ABSTRACT. Recently, the degenerate Stirling numbers of the first kind were
introduced. In this paper, we give some formulas for the degenerate Stir-
ling numbers of the first kind in the terms of the complete Bell polynomials
with higher-order harmonic number arguments. Also, we derive an iden-
tity connecting the degenerate Stirling numbers of the first kind and the
degenerate derangement numbers by using probabilistic method.

1. Introduction

The numbers S;(n, k) and Sa(n, k) are, in the notation of Riordan [13,14],
Stirling numbers of the first kind and of the second kind, respectively and they
are given by:

(2)n = Z Sy (n,k)z", (n>0), (1.1)
k=0

n
" =Y So(n,k)(a)k, (n>0), (see][l,2,3]). (1.2)
k=0
where (2), =z(z —1)---(z — (n — 1)), (n > 1), and (z)p = 1.
The unsigned Stirling numbers of the first kind are defined as

< T >p= Z S(n, k)zk, (n>0), (see[13]), (1.3)
k=0
where <z >o=1, <z >,=z(z+1)---(x +n—-1),(n >1).
From (1.1) and (1.3), we note that

S(n, k) = (—1)""*S1(n, k), (n>Fk>0). (1.4)
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Let X be a real number. Then the degenerate Euler polynomials are defined
by the generating function

2 P i
m(1+/\t%:;€n,x(w)a, (see [1]). (1.5)

When z =0, &, » = £,.1(0) are called the degenerate Euler numbers.
From (1.5), we note that limy_,o &, x(z) = E,(z), (n > 0), where E,(z) are
the Euler polynomials given by

ZE —,  (see [2,12,13,14]).
n=0

By (1.1) and (1.3), we easily get

(10g (1+1) ) 25’1 n, k (see [13]), (1.6)

n=~k

k!

and

1
o (log ) Z S(n, k) (1.7)
For A € R, the degenerate falling factorlal sequence is defined as
@or=1, @hpr=z(@—-A)(z =2 (z = (n=1)A), (n>1). (1.8)

Note that limy_,1(2)n,x = (2)n, limyxo(2)n,n = 2™ In [5], the degenerate
Stirling numbers of the first kind were defined by Kim as

Dy = S1a(n, k¥, (n>0), (1.9)

Kolbig gave the following formula:

%ef(w) = /@ Bel,. (f(l)(;y), f(Q)(:L'), e 7f(’r~) (L)) . (see [10,11]), (1.10)

where f(")(z) = (%)T f(z) and Bel,.(x1,22, - ,x,) are the complete Bell poly-
nomials given by

r T\ K1 /29 k2 N
Bel(eryan, o)=Y < )(_) (L) (™
| | |
k1+2ko+-+rk.=r k1, s Ko 1 2! r

The complete Bell polynomials are also given by the exponential generating
function

n

N > t
exp ZLJF = ZBeln(wl,wg, . ,:L'n)n—, (see [4]). (1.11)
pt ! !

n=0
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In [4], the complete degenerate Bell polynomials are defined by

exp ];M(I)JAF :ZBeln (z1, 20, - ,:L',L)m, (1.12)

n=0

where

k k,
1 T 1)1 A ! :L'n(l) A "
BelM (g, ay) = Z < " ) <L s EmmA .
n ’ ? A | |
k1 +2ks---+nk,=n kl’ 71{;” 1 n:

From (1.12), we note that
BelM(1,1,--- 1) = Bel, »

are the degenerate Bell numbers given by
(1+)\t)% ) o0 +n
= E Bel, y— see [9]). .
’ n=0 AL (see [9]) (1.13)

Here the finite Hurwitz-type functions of order r are defined as

n—1 1
— g
kZ:O oy H,\(z), (n,r €N). (1.14)
When z = 1, HY) = H{(1) = St (k—&}l)" = > r_; & are the harmonic

numbers of order 7.
From (1.9), we can derive the unsigned Stirling numbers of the first kind as
follows:

n

<a>pa= Y Sa(n k)b, (see [5,6)), (1.15)
k=0

where <z > =1, <z >, x=z(z+A) - (z+(n—1)A),(n > 1). By (1.9) and
(1.15), we get

Sx(n, k) = (—=1)""*S; (n, k), (n >k >0). (1.16)

In this paper, we give some formulas for the degenerate Stirling numbers
of the first kind in the terms of the complete Bell polynomials with higher-
order harmonic number arguments. Also, we derive an identity connecting the
degenerate Stirling numbers of the first kind and the degenerate derangement
numbers by using probabilistic method.
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2. Degenerate Stirling numbers of the first kind

From (1.1), we have

oo

(1+At)%=2¢)“ ZZSuk n)w
k=0 k=0n=0
) 0 ;
= Z <Z SLA(}{?,n)%) 2m.
n=0 k=n !

On the other hand

(%) %(10;;(1 n /\t))n

1
n!

NE

(L+Xt)% =

ﬁ
Il
o

n

p”qg

. (log( +/\l)7) a™.

n

ﬁ
Il

By (2.1) and (2.2), we get

1 i
m(1og(1+At ) ZSU (k,n)

k=n
It is easy to show that

(=) = (=1)" <@ >px, (2 1).
Thus, by (2.4), we see again that
Sx(n, k) = (—1)"_ksl7>\(n, k), (n>k>0).
From (2.4), we also note that

1 lr(;) L Oog(, k)ﬁ
W\ %8 (17)\;3)% - MBI

n=k

By (1.5), we easily get

m—1 oS n
23 AR (1) = 3 (Eun+ Enrlm)) oy,
=0 n=0

where m € N with m =1 (mod 2).
On the other hand

23 (1+ k(- =Z<z Z_am( 1>l> t,
=0 n=0 =0

Il
K
A/
[\
gk
Mi
E’D
>/
:
S
\/
S|
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Thus, by (2.7) and (2.8), we get

n m-—1

Enx+Eua(m)=2 Z 1)SlA n, k)I¥,
k=0 1=0

where n > 0, and m € N, with m = 1 (mod 2).
We summarize this as a theorem.

Theorem 2.1. Let S1 x(n, k) be the degenerate Stirling numbers of the first kind

given in (1.9) or (2.3). Then we have

n m-—1

Enx+Enn(m —QZZ 1) S1a(n, k)i,

k=0 1=0
where n > 0, and m € N, with m =1 (mod 2).
Now, we observe that

d < >n,)\ _ ie(log(<m>7,_x—loga;)

<z > d [
7,
:— 1 r log x
. (Z og(x + kX\) — 05@)
< >un a1
_ n,A
oz ;::1 T+ kX
Let Ty(z) = Yop2) = -7 Then we have
: 1
dr () 7 'n
dJ’TA() O\ Z .L—l-k)\”‘l
By (2.11), we get
n—1
T)(\r)(o) r|/\—1 1 Z k7+1 — 7|)\—r 1H’(Lr+11).

From (1.10), we have

dar r T >n r—
< T >p _ <x> ’*Bl (T/\( )T(l)( Y, 7T)(\ 1)(1,)).

(2.10)

(2.11)

(2.12)

(2.13)
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By (2.13), we get

d” <x >p
dx" T
=0
, 1 - “D) =1
= (n— 1)\""!Bel, (XH"(B” ( AQ) a?, ... 7%#115&

The equation (2.14) is equivalent to

d" <ux >n
dz” x

=0

= (n = W Bel, (B, (~DUHD, - (<17 = D) ).

(2.15)
On the other hand,
A" <ax >,y d & 1
ST A n.Dx
dz” T dxz” — Sa(n, D)z
. (2.16)
= Sa(n,D(I-1)(1—=2)-- (I —r)zt=t7".
1=0
Thus, we have
d” <@ >np = Sy(n, 7+ 1)r! (2.17)
e — = Sx(n,r rl, .
=0
where n >r+1> 1.
Therefore, by (2.15) and (2.17), we obtain the following equation.
Sx(n,r+1)
(n—=1)! ,_1_. 1 2 r— r
= "' Bel, (HD0 (OnHD (1 e - )
(2.18)

In particular, by replacing n by n + 1, we get
!
Sa(n+ 1,7 +1) = ZA"7 Bel, (H,gl), (~DUHD . (=) (r — 1)!H§f>) ,
7l
(2.19)

where n > r > 0.
Thus we obtain the following theorem.
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Theorem 2.2. Let Sx(n,r) be the unsigned degenerate Stirling numbers of the
first kind given in (1. 15) or (2.6). Then, forn > 1 >0, we have

Sa(n+1,7+1) = ,\” " Bel, ( HY (“)UHD, . (1) (r — 1)!H§f))7
where pr = ZZ:1 7r are the harmonic numbers of order i.
The exponential partial Bell polynomials are the ones given by

1 o tm k tn
il (Z ' ) ZBM 21,22, Tnkr1) s (K 20), (2.20)

m=1 n==k
where
By (21,2, -+, Tpn_pt1)

ilv"' 7in—k+l 1! (n—k+1)' ’

G4 iy _pp1=k
142t (kA 1)in g1 =n

Recently, Kim defined the degenerate Stirling numbers of the second kind as
follows:

kl, (4 a0k - ) Zs“ n, k) (see [6]). (2.21)

From (2.21), the exponential partlal A-Bell polynomials are considered by
Kim as

1 [& \ o
H <Z(1 i, AT |> ZBfLIi xl’ ' 7$n—k+1)a. (222)
i=1
Thus, by (2.22), we get
B,(le(m, o Tpke1) = Bug(D1azs, (Waazz, s (Dn ks 1A Tn— k1),
(2.23)
where n > k > 0.
Note that
By k(1,1,---,1) = Sa(n, k),
and

BO(1,1, 1) = Saa(n,k), (n>k>0).
Kim defined the partially degenerate Bell polynomials which are given by

er(rand—1) _ f: Beln,x(w)g, (see [3]). (2.24)
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We note that

exp

oo (' 1
Z‘Ll 1)])\' :Zk_ Z‘L] J)\|

j= k=0

<. ~
-
-~

> tn
ZBnk X1,X2, " Tn— k+1)— (225)
=k

n tn
B ‘Lla-L?f" 7wn—k+1) m
k=0 ’

Therefore, by (1.12) and (2.25), we get

M2

k=0

3

E'qg

n

BellM (w1, 22, ,2y) ZB,L;C L1, Lo, Tp_kgl)- (2.26)
k=0

Note that
B€l<n)\) (:L',(L', e ,IL‘) = Z fL'an,lc((l)l,Av (1)2)\7 ) (l)n—k—‘rl,)\)

= Bel, A(z), (n>0).

Now, we observe that

> tn
D Buk(0L 1IN 200%, - (n = BN —
n:

n=k
1 Ao A k
k'(t+—t + 5t +0) .
1 koo 1 F '
— Lo g o)) = L (log (— 1
m( - Flosl=20) = 7 <°g((1mi)>
oo tn
= Sa(n k).
o n.
Comparing the coefficients on both sides of (2.27), we have
B k(0L 1IN 2002 - (= k)N %) = Sy(n, k), (n >k >0). (2.28)

Theorem 2.3. Let Sy(n,r) be the unsigned degenerate Stirling numbers of the
first kind given in (1.15) or (2.6). Then, for n >k > 0, we have

Sx(n, k) = By (0, 1IN, 2002, -+ (n — k)IN"F), (2.29)

where By, (21,2, ,&n_k+1) are the exponential partial Bell polynomials given
in (2.20)
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3. Further remarks

A derangement is a permutation with no fixed points. For example, (2,3,1)
and (3,2,1) are derangements of (1,2,3). But (3,2,1) is not because 2 is a fixed
point. The number of derangements of an n-element set is called the n-th de-
rangement number and denoted by d,,, (n > 0). The derangement number d,,
satisfies the following recurrence relation:

dn = ndn—l + (_l)nv (TL > 1) (31)

The generating function of derangement numbers is given by

o, T
=> dn—- (3.2)
n=0 :

Thus, by (3.2), we easily get

d, =n! i (_WIL?m, (n>0). (3.3)

m=0

For A € (0,1), the degenerate derangement numbers are defined by the gen-
erating function

e (14 M) % = Zd“— (3.4)

Note that limy_.qd, » = dy, (n > 0). From (3.4), we have

Z<1>m(*1)"t =(14+X)” {:<deA—> (I-X—1)
n=0

(3.5)
Zdn)\_ - ann 1/\—~
n=0 n=1
By (3.5), we easily get
1
dop = 7= (1= Ndnp = (1" <1>nx 4ndn-1, (n21), (3.6)

and
(1 =Ndps1x3 =+ Ndpr +ndy_15 +0X(=1)""1<1>,,, (n>0). (3.7)

For X € (0,00) and a(> 0) € R, the degenerate gamma function is defined as

Fx(a)z/ooc(l—i-/\t)_%t"_ldt, (see [7]). (3.8)
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Thus, by (3.8), we get

(6%
Da(a+1)= WFﬁ(ﬂ% (see [7]), (3.9)
where A € (0,1) and 0 < o < %
From (3.9), we note that
k—1)!
I'y(k) = ( ) , (keN, Xe(0,1)). (3.10)

(T=X)(1—=2)\)---(1—kX)
Let A € (0,00). Then X, is the degenerate gamma random variable with
parameters a(> 0), 5(> 0), if its probability density function f is given by

1 .
fe) = | m@PBR T+ AT, i e >0, (3.11)
0, otherwise.

Now, we observe that

t > _ktk k
(1+x)f =3 H(1og(1+m))
h=0 (3.12)

—ZthSl)\ n, k)—

k=0 n==k

Assume that X = X, is the degenerate gamma random variable with param-
eters 1,1. Then the k-th moment of X is given by

E[X*) = /000 wk’r)‘l(l)(l +\z)" X dz
1
= T(UFA(k +1), (keN).

For the following discussion, we assume that A € (0, 7), and that t < 1—X.

(3.13)

On the one hand, the expectation of (1 + )\X)& is given by

[ 1 + X %] = i <i Sl,)\(k,n)%E[XkO "

n=0 \k=n
ey L Tak+ DN L,
= T;) (,;n Sialk, H)H (—FA(I) )) t
=0 \iz | (3.14)
1 k! n
= ;0 (;; Sialks ) X T oA 2 T l)A)> !

iy Sia(k,n) n
Z<Z —2% 1—3A3-~-(1—(k+1)A)>t'

kn
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On the other hand,

E[(1+AX)%]—/ (14 22)% —— (14 o)~ da
0 Ia(1)
1 > 1 1
_ ity
O T Gy ey e
1 1 1 1
= T+ M) > (L4+A)X
T A TA (LAY (3.15)

Il
—
| =
=
———
(]
=
5
=| &
N~
N
(]
3
15
SR
N~

Il

-

|~

=

=

e
0
|M: :
A |
~ 3
N—

=

>

>

-

=

L

>
\/
2|

Therefore, by (3.14) an

[N

(3.15), we obtain the following theorem.

Theorem 3.1. Let Sy x(n, k) be the degenerate Stirling numbers of the first kind
given in (1.9) or (2.3), and let d; 5 be the degenerate derangement numbers given
n (3.4). Then we have

S S1a(k,n)n! B "
,;n (1—=X)(1- 2))\\) S (I—(k+DN) ; (l>dz,x(1)n_l7>\7

where n > 0, k € N, and X € (0, k+—1)
From (3.4), we have

Zdn)\

n=0

>/ —_
~
—
—
+
>
=
=
|
S
I
—_
|
>
N
[u—y
|
- —
-
>
N———
—
[
+
>
~
=
|
.

(3.16)

|
>/

NER
/:\

oo n n I+1 1 n
Z > (= (=1 t
<TL' il <1 >l’)\ m

Comparing the coefficients on both sides of (3.16), we have

m n—I+1
¢1A=m§x ! +(_)l<1>u (3.17)
" —\1- 1-X I '

Thus we get the following theorem.
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Theorem 3.2. Let d; ) be the degenerate derangement numbers given in (3.4).
Then, for n > 0, we have

n 1 n—I+1 —].l
dn’AzTL!Z(l—A> (l') <1>17>\.

=0
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